Plasma wakefields driven inside a hollow-channel plasma are significantly different from those driven in a homogeneous plasma. This work investigates the scaling laws of the accelerating and focusing fields in the "crunch-in" regime [1] [2]. This regime is excited due to the collapse of the electron-rings from the channel walls onto the propagation axis of the energy-source, in its wake. This regime is thus the non-linearly driven hollow channel, since the electron-ring displacement is of the order of the channel radius [2] [3] . We present the properties of the coherent structures in the "crunch-in" regime where the channel radius is matched to the beam properties such that channel-edge to onaxis collapse time has a direct correspondence to the energy source intensity. We also investigate the physical mechanisms that underlie the "crunch-in" wakefields by tuning the channel radius. Using a theoretical framework and results from PIC simulations the possible applications of the "crunch-in" regime for acceleration of positron beams with collider-scale parameters is presented.
Introduction
Hollow-channel plasma wakefield are excited due to the dynamics of the channel-wall electrons of a certain density, driven by an energy-source (a beam of photons or particles) propagating in a very low density region such as vacuum, unionized gas or very-low density plasma. Hollow-channel wakefields are thus driven due to the dynamics of the channel-wall electrons exciting electron-ion charge-separation.
This work [1] [2] counters the previously established conclusions about hollow-channel wakefields, that:
(i) there are zero focusing fields on the axis of a hollow-channel (ii) the accelerating fields along the channel axis are purely electromagnetic, because they are essentially the leakage (fringe) fields of the charge-separation excited in the channelwalls. This work establishes that in the "crunch-in" regime irrespective of the driving energysource, electrostatic fields are excited through density compression of the wall-electrons, that undergo a crunching-in process from the walls onto the channel axis. It is also shown that these fields approach the wave-breaking limit of the channel-wall electron density when the channel radius is matched to the energy-source.
Hollow-channels with skin-depth scale tunable radius, that enable the "crunch-in" regime with accessible acceleration lengths over several 10s of centimeter length have been proposed using an ion-wake [3] .
The distinction between previously explored hollow-channel regime and the "crunch-in" regime can be inferred by comparing electron-beam driven simulation snapshots (e − density, plasma acc. field and focusing field) in Fig.1 (earlier hollow-channel regime) and Fig.2 ("crunch-in" regime).
It is known that the properties of hollow-channel wakefields are dictated by 2 independent parameters:
1. hollow-channel radius, r ch 2. channel-wall plasma-electron density, n 0 or the plasma-electron frequency, ω pe = 4πn 0 e 2 /m e . However, in this work it is shown that the energy-source intensity determines the properties of the hollow-channel wakefields in the "crunch-in" regime. Intensity is represented with a 0 , the normalized vector potential for lasers and with n b , the beam density for particlebeams.
Accessing the crunch-in regime
The previously analyzed linear-regime of hollow-channel wakefields operates under the assumption in eq.1 for photon and particle-beam energy sources respectively:
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where, w 0 is the laser focal spot-size, σ r is the bunch spot-size and σ z the bunch length. Note, the choice of σ r is not dictated by the channel radius, r ch , unlike w 0 for lasers. The "crunch-in" regime requires two conditions which dictate the radial dynamics of channel-edge electrons:
(a) the channel radius is small enough to allow on-axis collapse of the channel-edge electrons within a spatial-scale (δr) of the order of a plasma (n 0 ) wavelength, 2πc/ω pe (b) the energy-source is intense enough to drive the electrons to velocities (δr/v e ) that allow oscillations over the time-scales of the order of a plasma (n 0 ) period, 2πω −1 pe Thus, the condition for the excitation of the "crunch-in" regime for laser and particlebeam respectively, are in eq.2:
where, R N = r ch (c/ω pe ) −1 leads to wave-breaking fields. This work [1] [2] also shows that the eq.2 defines the relation of the wakefield amplitude to R N and energy-source intensity (a 0 and n b /σ r /σ z ), for approaching non-linearity. For instance using the e − beam parameters presented in Fig.1 in eq. 2, the value of R N = 0.36.
However, there exists a matching condition to excite optimal "crunch-in" wakefields [2] . : e − -beam driven matched "crunch-in" wakefields. The e − density, acc. and transverse plasma field for the "crunch-in" regime in cylindrical geometry, R = 1. Notably, there is e − density compression along the axis of the channel. Additionally, the acc. and focusing fields are of the order of the wave-breaking fields of the channel-wall electron density.
(same e − -beam parameters as in Fig.1) It is also not necessarily optimal to set the channel radius to access the wave-breaking limit when considering these wakefields for acceleration. By comparing the accelerating fields of the "crunch-in" regime (in Fig.2) to that of the linear regime (in Fig.1 ) it is seen that there is a 2 orders of magnitude increase in amplitude. This is attributed to the origin of these higher fields being in the on-axis density compression due to the crunching-in electrons from the channel-walls.
Similarly, comparing the traverse / focusing force we find that whereas in the linear regime there are nearly zero focusing force, in the "crunch-in" regime there is a significant focusing force of the same order as the wave-breaking field of the channel-wall density.
Another important point to note is that the phase of the focusing fields in Fig.2 are negative for positive radius, which means it is attractive for a positively charged particle propagating at the same speed as the wake. Thus, these strong focusing fields on-axis are useful for transporting positron beams. It is also important to note that the accelerating phase (positive electric field -in red) of the longitudinal wakefields spatially overlaps with the focusing phase of transverse wakefields, ideal for loading positron witness bunches.
Dynamics of the wall electrons
The magnitude of the radial perturbation of the electron rings that are initially located at the channel wall, is defined as, δr(ξ) = r(ξ) − r ch (where ξ = v es t − z and v es is the energy-source velocity) dictates whether the fields are purely electromagnetic (linear regime) or predominantly electrostatic (nonlinear regime). The radial electron perturbation relative to the channel radius is a key metric to understand the properties of the wakefields. A relativistic beam of particles has zero focusing-fields on-axis only if the channel-wall electrons are perturbed weakly. The reason for this is that their radial perturbation is much smaller than the channel radius, δr r ch and thus the electrostatic fields of charge-separation in channel walls only leak as fringe fields into the hollow channel. Thus, here it is only the electron current driven in the channel walls which results in the excitation of the wakefields. However, as it has been shown in [1] [2] , that if the channel radius is a few skin-depths, then, δr ≥ r ch as a result of which the electron rings from the channel wall collapse to the axis along which the center of the driving energy source propagates. The magnitude of the radial perturbations is dictated by the force of the energy-source on the electrons at the channel wall (setting v es c and ignoring δr 2 term),
The eq.3 can be compared to the equation for the collapse of the electron rings in a homogeneous plasma when driven by a positron beam. Here the radial e − momentum excited by the e − beam is compared for the two cases above. For linear regime corresponding to Fig.1 the maximum radial momentum is p r ≤ 0.1m e c, whereas in the crunch-in regime (corresponding to Fig.2) , p r 0.5m e c.
which can be solved for the collapse time (that is when 1/r → ∞), t coll ω pe = √ 2
Using this to calculate the collapse time for the case in Fig.2 , we find that t coll = 2.3ω −1 pe . This can be compared to the collapse time for an electron beam which is about 10ω −1 pe in Fig.2 . The collapse time is thus very different depending upon the nature of the driver and whether the plasma is homogeneous or hollow.
The radial momentum phase-spaces for the two cases compared in Fig.1 and Fig.2 , are presented in Fig.3 .
It can be seen that the momentum in the "crunch-in" regime is significantly higher than in the linear hollow-channel regime. Further, in the "crunch-in" regime the momentum phase-space has the characteristic oscillation wavelength of 2πc/ω pe .
In simulations that are not presented here, it is observed that similar channel radius matching condition is obtained for a laser and a positron beam based driving energy-source.
Discussion
We have shown that "crunch-in" or the non-linearly driven hollow-channel regime is accessible and optimal under a right matching condition between the energy source intensity and the channel radius.
It is also shown that in the "crunch-in" regime the accelerating and the focusing fields are significantly higher and comparable to the wave-breaking fields of the channel-walls. There is also a significant focusing field which is known to be zero on-axis in previous studies on hollow-channels.
In continuation of investigations into this work we intend to continue exploring the channel wall electron dynamics to establish the optimal condition for the "crunch-in" regime with varying driver parameters. The work on further investigating positron acceleration and collider-scale electron acceleration in this regime will be further continued.
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